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Abstract
Kramer and Magliveras constructed simple 5-ð24; 8; lÞ designs for lp9: Betten et al.
constructed simple 5-ð24; 8; lÞ designs for l ¼ 16; 17;y; 484: In this paper, we construct 15
mutually disjoint Steiner systems Sð5; 8; 24Þ and thus we construct simple 5-ð24; 8; lÞ design
for l ¼ 10; 11; 12; 13; 14 and 15. As a consequence there exists a simple 5-ð24; 8; lÞ design for
any positive integer lplmax ¼ 969:
r 2003 Elsevier Science (USA). All rights reserved.
1. Introduction
Let D ¼ ðX ;BÞ be a t-ðv; k; lÞ design with a set X of points and a set B of blocks
where X ¼ f1; 2;y; vg and BC X
k
 
:¼ fBCX j jBj ¼ kg is a collection of k-subsets
of X : A t-ðv; k; 1Þ design is called a Steiner system and denoted by Sðt; k; vÞ: In this
paper, all designs are simple, i.e., they have no repeated blocks.
The well-known Steiner system Sð5; 8; 24Þ is constructed by taking as blocks the
supports of the minimal weight codewords of the extended binary Golay code. This
design is called the Witt system and its automorphism group is the Mathieu group
M24: In [3], Kramer and Magliveras constructed 5-ð24; 8; lÞ designs for lp9 by
ﬁnding 9 mutually disjoint Sð5; 8; 24Þ: Betten et al. constructed numerous designs
using their software DISCRETA which includes an algorithm based on the methods
of Kramer and Mesner [4]. In [1], Betten et al. showed that there exist 5-ð24; 8; lÞ
designs with automorphism group PSLð2; 23Þ or PGLð2; 23Þ for l ¼ 16; 17;y; 484:
In this paper we show the following theorem.
Theorem 1. There exists at least 15 mutually disjoint Steiner systems Sð5; 8; 24Þ:
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Suppose that D1 ¼ ðX ;B1Þ;D2 ¼ ðX ;B2Þ;y;Dn ¼ ðX ;BnÞ are mutually disjoint
t-ðv; k; lÞ designs, i.e., B1;B2;y;BnC Xk
 
and Bi-Bj ¼ f ðiajÞ: Then the union
D ¼ ðX ;Bi1,Bi2,?,BimÞ of these designs is a t-ðv; k; mlÞ design for all m ¼
1; 2;y; n and fi1; i2;y; imgA f1;2;y;ngm
 
: Let lmax ¼ ðvtktÞ: If D ¼ ðX ;BÞ is a t-
ðv; k; lÞ design, then %D ¼ ðX ; X
k
 BÞ is a t-ðv; k; lmax  lÞ design. By the above
theorem and results of Kramer and Magliveras [3] and Betten et al. [1], we obtain the
following corollary.
Corollary 2. There exists a 5-ð24; 8; lÞ design for any positive integer l with lplmax ¼
969:
2. Construction
Let G ¼ PSLð2; 23Þ be a permutation group on X ¼ fNg,f0; 1; 2;y; 22g
generated by two permutations
a :¼ ð0; 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22Þ
and
g :¼ ðN; 0Þð15; 3Þð7; 13Þð14; 18Þð5; 9Þð10; 16Þð20; 8Þð17; 4Þð11; 2Þð22; 1Þ
ð21; 12Þð19; 6Þ:
Then the group G acts on X
8
 
and the G-orbit B of the 8-set
fN; 0; 1; 3; 12; 15; 21; 22g forms the block set of a Sð5; 8; 24Þ:
Our computer search shows that the set of block sets fB;Bs1 ;y;Bs14g is
mutually disjoint for the following 14 permutations,
s1 ¼ ð1; 6; 13; 14;N; 19; 22; 4; 12; 7; 20Þð2; 17; 21; 10; 3; 18; 0; 15; 5; 8Þð9; 16Þ;
s2 ¼ ð1; 4; 16; 2Þð5; 21; 9; 11; 15; 20; 12;N; 19; 13; 10; 0; 17; 8; 7; 22Þð6; 18Þ;
s3 ¼ ð1; 14; 7; 16; 20; 0; 18; 5; 19; 6; 4; 22; 8; 11; 15; 2; 12;N; 10; 3; 17; 13; 9; 21Þ;
s4 ¼ ð1; 2; 12; 20; 13; 9; 7; 11Þð3; 21; 10; 14; 6; 4; 22; 0; 15; 8; 19;N; 16Þð17; 18Þ;
s5 ¼ ð1; 18; 8; 20; 19; 10; 11; 9; 3; 2; 5; 16; 14; 4; 15;N; 13; 22; 17Þð6; 7Þ;
s6 ¼ ð1; 13; 4; 7; 19; 0; 15; 6; 20; 9; 2; 22; 16; 17; 8; 10; 12; 14; 21; 18; 5Þ;
s7 ¼ ð1; 16; 3; 17; 2; 9; 7; 22; 15; 4; 20; 18; 13Þð6; 19; 11; 10; 12;N; 14Þð8; 21Þ;
s8 ¼ ð1; 0;N; 17; 12; 4; 10; 21; 2; 19; 20; 9; 22; 11; 7; 6; 8; 14; 18; 16Þð3; 15Þ;
s9 ¼ ð1; 18;N; 21; 15; 8; 16; 6; 4; 14; 22; 17; 10; 7; 13; 5; 0; 9; 11; 19; 12; 3; 20; 2Þ;
Note / Journal of Combinatorial Theory, Series A 102 (2003) 201–203202
s10 ¼ ð1; 9; 10; 4; 6; 13; 8; 19; 16; 22; 5;N; 18; 0; 21; 15; 2; 7; 20; 14; 17Þð3; 12Þ;
s11 ¼ ð2; 0; 7; 9; 21Þð3; 6; 5; 22; 17; 13; 8; 20; 14; 16; 18; 15; 10; 12; 4; 11;N; 19Þ;
s12 ¼ ð1; 18; 7; 21; 14; 22; 8; 0; 20; 17;N; 3; 5; 11; 15; 16; 2; 12; 10; 19; 6; 9; 13Þ;
s13 ¼ ð1; 20; 0; 22; 4; 18; 6; 2; 11; 10; 5; 21; 17; 7; 19; 16; 15; 13; 3; 14;N; 12; 9; 8Þ
and
s14 ¼ ð1; 18; 16; 11; 20; 17Þð2; 0; 14; 19;N; 10; 5; 9; 12; 4; 22; 7Þð6; 13; 8; 21Þ:
Hence there exists a 5-ð24; 8; lÞ design for lp15:
Remark 3. We used the software GAP [2] and GRAPE [5] to ﬁnd this design. By this
result, we know that the maximal number of mutually disjoint Sð5; 8; 24Þ’s is at least
15. We do not know whether there exists a large set of disjoint Sð5; 8; 24Þ’s, i.e., a
partition of the complete design into 969 disjoint Sð5; 8; 24Þ’s.
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